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$M$ $m$ $\pi$ : $T^{1,0}Marrow M$ $M$ $M$
$z\in M$ $(z^{1}, \ldots, z^{m})=(z^{\alpha})$ $z\in M$
$v$
$v=v^{\alpha}( \frac{\partial}{\partial z^{\alpha}})_{z}$
$(z^{1}, \ldots, z^{m}, v^{1}, \ldots, v^{m})=(z^{\alpha}, v^{\alpha})$ $T^{1,0}M$
$(z, v)\in T^{1,0}M$
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1 $T^{1,0}M$ $F$ : $T^{1,0}Marrow \mathbb{R}$
$F$ $M$
(1) ( ) $(z, v)\in T^{1,0}M$ $F(z, v)\geq 0$ , $F(z, v)=0$
$v=0$
(2) ( ) $F\in C^{\infty}(T^{1,0}M\backslash \{0\})$ , $F$ $T^{1,0}M$
$C^{\infty}$
(3) ( ) $\lambda\in \mathbb{C}$ $(z, v)\in T^{1,0}M$
$F(z, \lambda v)=|\lambda|F(z, v)$ (1)
2. $M$ $F:T^{1,0}Marrow \mathbb{R}$ $F^{2}$ Levi
$( \frac{\partial F^{2}}{\partial v^{\alpha}\partial\overline{v^{\beta}}}(z, v))$ , $(z, v)\in T^{1,0}M\backslash \{0\}$
$T^{1,0}M$ $F$
$F$ $F^{2}$ $G(z, v)=F^{2}(z, v)$
$G(z, v)$





1. $M$ $g=g_{\alpha\overline{\beta}}(z)dz^{\alpha}\otimes d\overline{z^{\beta}}$
$F(z, v)=\sqrt{g(v,v)}=\sqrt{g_{\alpha\overline{\beta}}(z)v^{\alpha}\overline{v^{\beta}}}$, $(z, v)\in T^{1,0}M$
$F$ : $T^{1,0}Marrow \mathbb{R}$ $M$
$F$ $G_{\alpha\overline{\beta}}(z, v)$ $g_{\alpha\overline{\beta}}(z)$
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1 $F$
$G(z, v)=G_{\alpha\overline{\beta}}(z, v)v^{\alpha}\overline{v^{\beta}}$ (2)
(1) $G$
$G(z, \lambda v)=\lambda\overline{\lambda}G(z, v)$
$\lambda$
$\overline{\lambda}$
$G_{\alpha\overline{\beta}}(z, \lambda v)v^{\alpha}\overline{v^{\beta}}=G(z, v)$ . (3)
$\lambda=1$ (2)
(2) $G_{\alpha\overline{\beta}}(z, v)$ $v$ $G(z, v)$ 1
$v$ 2
2. $G\in C^{2}(T^{1,0}M)$ , $G$ $T^{1,0}M$ $C^{2}$
(3) $\lambdaarrow 0$
$G(z, v)=G_{\alpha\overline{\beta}}(z, 0)v^{\alpha}\overline{v^{\beta}}$





$M$ 1 $(N, F)$ $n$
$F:T^{1,0}Narrow \mathbb{R}$
$f$ : $Marrow N$ $M$ $N$ $C^{\infty}$ $f$ $df$ : $TMarrow TN$
$df_{\mathbb{C}}:T_{\mathbb{C}}Marrow T_{\mathbb{C}}N$
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$M=T^{1,0}M\oplus T^{0,1}M$ , $T_{\mathbb{C}}N=T^{1,0}N\oplus T^{0,1}N$
$df_{\mathbb{C}}|_{T^{1,0}M}=\partial f+\overline{\partial}f$ , $df_{\mathbb{C}}|_{T^{0,1}M}=\partial\overline{f}+\overline{\partial}\overline{f}$




$\partial f$ : $T^{1,0}Marrow T^{1,0}N$ , $\overline{\partial}f$ : $T^{0,1}Marrow T^{1,0}N$
$\partial f(\frac{\partial}{\partial z})=\frac{\partial f^{\alpha}}{\partial z}\frac{\partial}{\partial w^{\alpha}}$ , $\overline{\partial}f(\frac{\partial}{\partial\overline{z}})=\frac{\partial f^{\alpha}}{\partial\overline{z}}\frac{\partial}{\partial w^{\alpha}}$
$\partial f$
$(z,$ $\partial/\partial z)\in$ $T^{1,0}Marrow^{\partial f}T^{1,0}N\ni(f(z),$ $\partial f(\partial/\partial z))$
1 1
$z\in$ $M$ $arrow^{f}$ $N$ $\ni f(z)$
$f$ $\partial$ -
3( ).
$E’(f)= \int_{M}F^{2}(f(z),$ $\partial f(\frac{\partial}{\partial z}))\frac{\sqrt{-1}}{2}dz\wedge d\overline{z}$
$f$ $\partial$ -
$E”(f)= \int_{M}F^{2}(f(z),\overline{\partial}f(\frac{\partial}{\partial\overline{z}}))\frac{\sqrt{-1}}{2}dz\wedge d\overline{z}$ (4)
$f$ $\partial$–
$F$ (1) $M$ $z$
$z’$ $M$
$E’(f)$
$F^{2}(f(z’),$ $\partial f(\frac{\partial}{\partial z’}))\frac{\sqrt{-1}}{2}dz’\wedge d\overline{z}’$
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$=F^{2}(f(z),$ $\frac{\partial z}{\partial z}\partial f(\frac{\partial}{\partial z}))\frac{\sqrt{-1}}{2}dz’\wedge dz^{\overline{\prime}}$
$=F^{2}(f(z),$ $\partial f(\frac{\partial}{\partial z}))\frac{\partial z}{\partial z}\overline{\frac{\partial z}{\partial z}}\frac{\sqrt{-1}}{2}dz’\wedge d\overline{z}’$




$M$ $(N, F)$ $C^{\infty}$
$C^{\infty}(M, N)$ $E’(f)$ $E”(f)$ $C^{\infty}(M, N)$
$E’$ : $C^{\infty}(M, N)arrow \mathbb{R}$ , $E”$ : $C^{\infty}(M, N)arrow \mathbb{R}$
- $E”$ 1 $E”$
$f$ $M$ $N$ (harmonic map)
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$(N, F)$ $F:T^{1,0}Narrow \mathbb{R}$ $N$
$g=g_{\alpha\overline{\beta}}(z)dw^{\alpha}\otimes d\overline{w^{\beta}}$








$E$ 1 $c=c_{0}$ $C^{\infty}$








$\frac{\partial}{\partial t}G_{\alpha}=\frac{\partial}{\partial t}(g_{\alpha\overline{\beta}}\overline{\frac{dc^{\beta}}{dt}})=\frac{\partial g_{\alpha\overline{\beta}}}{\partial w^{\gamma}}\frac{dc^{\gamma}}{dt}\overline{\frac{dc^{\beta}}{dt}}+\frac{\partial g_{\alpha\overline{\beta}}}{\partial\overline{w^{\gamma}}}\overline{\frac{dc^{\gamma}}{dt}\frac{dc^{\beta}}{dt}}+g_{\alpha\overline{\beta}}\overline{\frac{d^{2}c^{\beta}}{dt^{2}}}$ .
$g$ $\Gamma_{\beta\gamma}^{\alpha}$
$\frac{\partial g_{\alpha\overline{\beta}}}{\partial\overline{w^{\gamma}}}=g_{\alpha\overline{\sigma}}\cdot g^{\overline{\sigma}\tau}\frac{\partial g_{\tau\overline{\beta}}}{\partial\overline{w^{\gamma}}}=g_{\alpha\overline{\sigma}}\overline{\Gamma_{\beta\gamma}^{\sigma}}$
$-G_{\alpha}=- \frac{\partial g_{\gamma\overline{\beta}}}{\partial w^{\alpha}}\frac{dc^{\gamma}}{dt}\overline{\frac{dc^{\beta}}{dt}}$
$\frac{\partial}{\partial t}G_{\alpha}-G_{\alpha}=(\frac{\partial g_{\alpha\overline{\beta}}}{\partial w^{\gamma}}-\frac{\partial g_{\gamma\overline{\beta}}}{\partial w^{\alpha}})\frac{dc^{\gamma}}{dt}\overline{\frac{dc^{\beta}}{dt}}+g_{\alpha\overline{\sigma}}\overline{(\frac{d^{2}c^{\sigma}}{dt^{2}}+\Gamma_{\beta\gamma}^{\sigma}\frac{dc^{\gamma}}{dt}\frac{dc^{\beta}}{dt})}=0$ (6)
$g$ $\Gamma_{\beta\gamma}^{\alpha}$ $\beta$ $\gamma$
$\frac{\partial g_{\alpha\overline{\beta}}}{w^{\gamma}}=\frac{\partial g_{\gamma\overline{\beta}}}{\partial w^{\alpha}}$
(6)
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2. $(N, F)$ $c:[a, b]arrow N$ 2
$\frac{d^{2}c^{\alpha}}{dt^{2}}+\Gamma_{\beta\gamma}^{\alpha}\frac{dc^{\beta}}{dt}\frac{dc^{\gamma}}{dt}=0$, $1\leq\alpha\leq n$ (7)






(4) - $E”$ 1
$M$ $(N, F)$ $n$
$f$ : $Marrow N$ $M$ $N$ $C^{\infty}$ $E”$ 1
$\triangle=\{t\in \mathbb{C}||t|<\epsilon\}$
$f=f_{0}$ $C^{\infty}$ 1











$\frac{\partial}{\partial z}G_{\overline{\alpha}}-G_{\overline{\alpha}}=G_{\sigma\overline{\alpha}}(\frac{\partial^{2}f^{\sigma}}{\partial z\partial\overline{z}}+\Gamma_{\beta,\gamma}^{\sigma}\frac{\partial f^{\gamma}}{\partial z}\frac{\partial f^{\beta}}{\partial\overline{z}})-\overline{G^{\overline{\sigma}\nu}G_{\rho}(\Gamma_{\mu,\nu}^{\rho}-\Gamma_{\nu,\mu}^{\rho})\frac{\partial f^{\mu}}{\partial\overline{z}}}=0$ . (9)
$\Gamma_{\beta,\gamma}^{\alpha}$ $F$
$\Gamma_{\beta,\gamma}^{\alpha}(w, v)=\{\begin{array}{ll}G^{\overline{\tau}\alpha}(G_{\beta\overline{\tau},\gamma}-G^{\overline{\rho}\sigma}G_{\overline{\rho},\gamma}G_{\beta\overline{\tau}\sigma})(z, v), v\neq 0 \text{ }0, v=0 \text{ }\end{array}$
$\Gamma_{\beta,\gamma}^{\alpha}$ $v=0$ 2
$G$ $C^{1,1}$
4([1, 7]). $F$ : $T^{1,0}Narrow \mathbb{R}$
(1) $F$
$\Gamma_{\mu,\nu}^{\rho}(w, v)-\Gamma_{\nu,\mu}^{\rho}(w, v)=0$, $(w, v)\in T^{1,0}N\backslash \{0\}$
(2) $F$
$G_{\rho}(w, v)(\Gamma_{\mu,\nu}^{\rho}(w, v)-\Gamma_{\nu,\mu}^{\rho}(w, v))v^{\mu}=0$ , $(w, v)\in T^{1,0}N\backslash \{0\}$
$F$ (9)
1. $(N, F)$ $f$ :
$Marrow N$ 2




$\partial$ - $E’(f)$ - $E”(f)$
31
$\Omega\subset \mathbb{C}$
$f$ : $\Omegaarrow \mathbb{C}$ $C^{\infty}$ $\Omega$ $f$
$z=x^{1}+\sqrt{-1}x^{2}\in\Omega$ , $f(z)=u^{1}(x^{1}, x^{2})+\sqrt{-1}u^{2}(x^{1}, x^{2})\in \mathbb{C}$
$\frac{\partial f}{\partial z}=\frac{1}{2}[(\frac{\partial u^{1}}{\partial x^{1}}+\frac{\partial u^{2}}{\partial x^{2}}I+\sqrt{-1}(\frac{\partial u^{2}}{\partial x^{1}}-\frac{\partial u^{1}}{\partial x^{2}})]$ ,
$\frac{\partial f}{\partial\overline{z}}=\frac{1}{2}[(\frac{\partial u^{1}}{\partial x^{1}}-\frac{\partial u^{2}}{\partial x^{2}}I+\sqrt{-1}(\frac{\partial u^{2}}{\partial x^{1}}+\frac{\partial u^{1}}{\partial x^{2}}I]$
$4| \frac{\partial f}{\partial z}|^{2}=(\frac{\partial u^{1}}{\partial x^{1}})^{2}+(\frac{\partial u^{1}}{\partial x^{2}})^{2}+(\frac{\partial u^{2}}{\partial x^{1}}I^{2}+(\frac{\partial u^{2}}{\partial x^{2}})^{2}+2(\frac{\partial u^{1}}{\partial x^{1}}\frac{\partial u^{2}}{\partial x^{2}}-\frac{\partial u^{1}}{\partial x^{2}}\frac{\partial u^{2}}{\partial x^{1}})$
$u^{1}(x^{1}, x^{2})$ $u^{2}(x^{1}, x^{2})$
$\nabla u=(\begin{array}{ll}\frac{\partial u^{1}}{\partial x^{1}} \frac{\partial u^{1}}{\partial x^{2}}\frac{\partial u^{2}}{\partial x^{1}} \frac{\partial u^{2}}{\partial x^{2}}\end{array})=(\begin{array}{l}\nabla u^{1}\nabla u^{2}\end{array})=(\nabla_{1}u$ $\nabla_{2}u)$
$4| \frac{\partial f}{\partial z}|^{2}=|\nabla u^{1}|^{2}+|\nabla u^{2}|^{2}+2\det(\nabla u^{1}, \nabla u^{2})$
$4| \frac{\partial f}{\partial\overline{z}}|^{2}=|\nabla u^{1}|^{2}+|\nabla u^{2}|^{2}-2\det(\nabla u^{1}, \nabla u^{2})$
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1.
$| \frac{\partial f}{\partial z}|2 +| \frac{\partial f}{\partial\overline{z}}|^{2}=\frac{1}{2}(|\nabla u^{1}|^{2}+|\nabla u^{2}|^{2})=e(f)$ ,
$| \frac{\partial f}{\partial z}|2 -| \frac{\partial f}{\partial\overline{z}}|^{2}=\det(\nabla u^{1}, \nabla u^{2})=J(f)$ .
$\Psi(z)=4\frac{\partial f}{\partial z}\overline{\frac{\partial f}{\partial\overline{z}}}=|\nabla_{1}u|^{2}-|\nabla_{2}u|^{2}-\sqrt{-1}\langle\nabla_{1}u,$
$\nabla_{2}u\rangle$
$f=(u^{1}, u^{2})$ : $\Omega\subset \mathbb{R}^{2}arrow \mathbb{R}^{2}$ ( )
2. $f$ $\Psi$
$f$ $\frac{\partial^{2}f}{\partial z\partial\overline{z}}=0$




$f:Marrow N$, $z\mapsto f(z)=(f^{1}(z), \ldots, f^{n}(z))=(f^{\alpha}(z))$
$M$ $N$ $C^{\infty}$ $z$ $f^{\alpha}(z)$




$g=(g_{AB})=(\begin{array}{ll}g_{\alpha\beta} g_{\alpha,n+\beta}-g_{\alpha,n+\beta} g_{\alpha\beta}\end{array})$ , $1\leq A,$ $B\leq 2n$ ,
$b=(b_{AB})=(\begin{array}{ll}-g_{\alpha,n+\beta} g_{\alpha\beta}-g_{\alpha\beta} -g_{\alpha,n+\beta}\end{array})$ ,
$\nabla u=(\frac{\partial u^{A}}{\partial x^{i}})$ , $1\leq A\leq 2n$ , $1\leq i\leq 2$ ,
$\nabla u^{A}=$




$\Phi’(z)=4G_{\alpha\overline{\beta}}(f(z),\overline{\partial}f(\frac{\partial}{\partial\overline{z}}))\frac{\partial f^{\alpha}}{\partial z}\overline{\frac{\partial f^{\beta}}{\partial z}}=g_{AB}\nabla u^{A}\cdot\nabla u^{B}+b_{AB}\det(\nabla u^{A}, \nabla u^{B})$ ,
$\Phi’’(z)=4G_{\alpha\overline{\beta}}(f(z),\overline{\partial}f(\frac{\partial}{\partial\overline{z}}))\frac{\partial f^{\alpha}}{\partial\overline{z}}\overline{\frac{\partial f^{\beta}}{\partial\overline{z}}}=g_{AB}\nabla u^{A}\cdot\nabla u^{B}-b_{AB}\det(\nabla u^{A}, \nabla u^{B})$ ,
$\Psi(z)=4G_{\alpha\overline{\beta}}(f(z),\overline{\partial}f(\frac{\partial}{\partial\overline{z}}))\frac{\partial f^{\alpha}}{\partial z}\overline{\frac{\partial f^{\beta}}{\partial\overline{z}}}=|\nabla_{1}u|_{g}^{2}-|\nabla_{2}u|_{g}^{2}-2\sqrt{-1}\langle\nabla_{1}u,$
$\nabla_{2}u\rangle_{g}$ .
5(2 ).
$\tilde{\Psi}(z)=\{\begin{array}{ll}\Psi(z)dz^{2}, \overline{\partial}f(\frac{\partial}{\partial\overline{z}})\neq0 \text{ }0, \overline{\partial}f(\frac{\partial}{\partial\overline{z}})=0 \text{ }\end{array}$
2
2. $f$ : $Marrow N$ $\tilde{\Psi}$ $M$ 2
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$\tilde{\Phi}’(z)=\{\begin{array}{ll}\Phi’(z), \overline{\partial}f(\frac{\partial}{\partial\overline{z}})\neq 0 \text{ }0, \overline{\partial}f(\frac{\partial}{\partial\overline{z}})=0 \text{ }\end{array}$
$\tilde{\Phi}’’(z)=\{\begin{array}{ll}\Phi’’(z), \overline{\partial}f(\frac{\partial}{\partial\overline{z}}I\neq 0 \text{ }0, \overline{\partial}f(\frac{\partial}{\partial\overline{z}})=0 \text{ }\end{array}$
3.
$K(f)= \frac{1}{2}\int_{M}\{\tilde{\Phi}’(z)-\tilde{\Phi}’’(z)\}\frac{\sqrt{-1}}{2}dz\wedge d\overline{z}$




$E(f)= \int_{M}[g_{AB}\frac{\partial u^{A}}{\partial x^{1}}\frac{\partial u^{B}}{\partial x^{1}}+g_{AB}\frac{\partial u^{A}}{\partial x^{2}}\frac{\partial u^{B}}{\partial x^{2}}]\frac{\sqrt{-1}}{2}dz\wedge d\overline{z}$
$=E”(f)+K(f)$ .
3 5
4. $(N, F)$ $f$ : $Marrow N$
$L^{2}$ $E(f)$
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